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STABILITY AND BREAKUP OF LIQUID THREADS AND
ANNULAR LAYERS IN A CORRUGATED TUBE
QIMING WANG
Abstract. We study the stability and breakup behavior of an axisymmetric liquid thread
which is surrounded by another viscous fluid layer through a long wave approximation. The two
fluids are immiscible and confined in a concentrically placed cylindrical tube. The effect of the
tube wall corrugation is taken into account in the model, which allows the access of the interaction
between the wall shape and the thread interfacial dynamics. The linearized system is studied by the
Floquet theory due to the presence of non-constant coefficients in the equation and the spectrum is
computed numerically via the Fourier-Floquet-Hill method. The resulting features agree qualitatively
with those obtained based on a lubrication model in the thin annulus limit, where the short-wave
disturbances that would be stabilizing owing to the capillarity in the absence of wall corrugation, can
excite some unstable long waves. Those results from the linear theory are also confirmed numerically
by the direct numerical simulation on the evolution equations. Meanwhile, a transition on the
dominant modes from the one for a tube without corrugation to the one with wall shape included
is found. Finally the drop formation is shown in the nonlinear regime when the pinch off of the
core thread is obtained. The annular film drainage regime is also approached slowly along with
pinching when the tube wall is close to the thread interface. In addition, our results demonstrate the
possibility to suppress pinching, depending on the averaged annular layer thickness and the variation
in tube radius.
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1. Introduction. Capillary instability of a liquid thread or jet has received con-
tinuous attention for decades since the classic work of [63]. For a freely suspended liq-
uid thread immersed in another immiscible fluid, the work on linear stability analysis
reveals that the system is linearly unstable under a relative long-wave length pertur-
bation regardless of the viscosity difference [71, 8], which only reduces the growth rate.
To probe the nonlinear dynamics of a single liquid thread or jet, large amount of work
in literature has been focused on the reduced one-dimensional model, considering the
relative simplicity while the essential physics is retained. Following the early work of
[46] and [6], [22, 24, 23] studied the drop formation and the pinching dynamics for
a liquid jet by including both inertia and viscous effects, while [58] investigated the
breakup dynamics for a Stokes thread by dropping the inertia. Both models give self-
similarity solution on the breakup but with different scalings and scaling functions,
which agree well with the experiments [14, 52, 66]; See also other related experiments
on thread dynamics and drop formations [70, 68, 45]. For axisymmetric inviscid drops
or jets, the local self similar solutions can not be captured by the reduced model due
to the interface overturn. Those local solutions from self similar dynamics are further
confirmed numerically on the full axisymmetric problems; see [12, 19, 47] for the invis-
cid jets or drops, [77, 1, 9] for the Navier Stokes jet simulations and [60] for the Stokes
jet via boundary integral simulation. In particular, [1] compared the results between
the reduced one-dimensional model and the full axisymmetric simulation for various
parameters and showed good agreement for certain parameter space, especially when
the capillarity dominates. Furthermore, those different regimes for the scalings on
pinching are found to yield to the so-called Stokes flow regime in [51] where the new
self-similar scalings appear, as the external fluids become important as pinching is
approached, which makes it essentially a two phase flow problem. In addition, the in-
ertia is shown to be less important compared to the viscous effect and capillarity near
1
2breakup, while the scaling for the axial velocity is obtained by including a non-local
contribution based on the boundary integral calculation. A comprehensive review on
liquid jet problem is given in [23] and recently in [25].
Related to the liquid jet or thread problem, a core-annular flow arrangement like
system has attracted considerable attention because of the potential wide applications
in engineering and industry processes, such as the lubricated piping, emulsification
technique, drug delivery in biological system. To develop a understanding on the
behavior of the coating layer and core thread, the simplified system and asymptotic
analysis are desired and have been employed widely by many authors. In the presence
of a base flow, [34] showed, based on the regular perturbation techniques for long wave
length disturbances, that both capillarity and viscosity stratification are destabilizing
for long waves for either axisymmetric and non-axisymmetric perturbation, with the
former dominating. For the case of a less viscous annular layer (λ = µ2/µ1 < 1 with
µ1 and µ2 the viscosity of the core and annular fluids respectively), it is shown that
the viscous stratification is stabilizing the destabilization of capillarity for a band of
Reynolds numbers [35, 36, 10, 11, 61]. Such stable band or window may disappear
when the annular film is relatively thick or its viscosity is enhanced compared to the
core fluid. When the film is sufficiently thin, Georgiou et al. [28] studied the linear
stability of the system analytically and extended the results in [34] to intermediate
wavenumbers, where it is found that the viscosity stratification is destabilizing (stabi-
lizing) for λ > 1 (λ < 1). The interest of study also has been extended to the weakly
nonlinear regime in [26, 59] and strongly nonlinear regime in [39, 41] respectively,
which track the evolution of fluid interface and predict many interesting features of
the system, such as traveling wave and chaotic solutions. In the weakly nonlinear
regime, the film evolution is governed by the Kuramoto-Sivashinsky (KS) equation
where the linearly unstable disturbances are saturated by the flow (the fourth order
spatial derivative), while in the strongly nonlinear regime, the additional capillary
nonlinear term competes with the KS saturation mechanism and may amplify the
linearly unstable waves. One related problem for a thin liquid layer flowing exterior
to a cylindrical fiber was studied in [15] which includes the equation in [39, 41] as the
limiting cases when the ratio of layer thickness to the fiber radius is sufficiently small.
Qualitative agreement between those model results and the experimental work [2, 15]
is obtained. Related review on the core annular flows can be found in [38].
In the absence of the base flow, Goren [29] performed the linear stability analysis
on the annular layer coating the inner or outer cylindrical tube, where the long-
wave length approximation was found to be unstable and his results recovered those
in [71] in proper limits. The nonlinear transient evolution of a stationary annular
layer was studied in [30], whose results indicated the formation of periodic toroidal
collars which agreed with his experimental results. Hammond [33] used the lubrication
approximation to derive a thin film equation that is valid for either a annular film
coating interior or exterior of a cylinder to the leading order. The equation is in
the special case of the one used in [39, 41] where the base flow is dropped. Again
collar and lobe formation is suggested to exist when the film drainage occurs which is
accompanied with an infinite time singularity. More details of the long time dynamics
are studied in [50] which shows, in addition, for sufficiently long domain length, the
collar may slide by eating the neighboring small lobes gradually. Those lubrication
model has the advantage over the full problem simulations in that the computation
time is significantly saved especially for those long time dynamics. As shown in [54]
who used the boundary integral method to simulate the dynamics of liquid threads
3and annular layers, the computation is time consuming when the film thickness is
very small, which prevent one from finding the long time solution behavior, let alone
the proper scalings there. Furthermore, the simulations in [43, 44] are claimed to take
orders of 3 ∼ 4 weeks for a typical set of simulation on the core annular flows for the
full Navier-Stokes system. When the annular film is relatively thick, as expected from
theoretical studies, the linearly unstable waves grow beyond the linear and weakly
nonlinear regime, which, similar to the liquid jet or thread problem, eventually leads
to pinch-off of the core thread; see the simulations by [54, 32] in the full axisymmetric
problem, and recently by [74] in a long wave approximation for a two phase flow
problem inside a tube (A related work on long wave modeling of viscous compound
liquid threads can be found in [17], where the outer tube is absent). The model in [74]
provides a simple way to couple the core and annular fluid in the strongly nonlinear
regime, as compared to the literature where the annular thin film model is usually
decoupled from the core dynamics [26, 33, 39, 41] or coupled through a nonlocal
term in the weakly nonlinear regime in [59], in particular, through an integral with
the Bessel or Kummer functions as the kernels. A more recent work on active core-
annulus coupling for a two-phase flow inside a narrow tube can be found in [21], who
derived a lubrication model through the so called integral-boundary-layer method.
The theoretical study when the tube wall shape variation is taken into accounted
has received relatively less attention, although in reality, the wall of a tube or channel
often has cross section variation and in many experiments related to microfluidics, the
two phase flow is affected by the topographic effect (see the work [49, 72, 13, 4, 37]).
Dassor et al.[18] studied a two phase flow system in a symmetrically sinusoidal channel
in two dimensional space in the case of small Reynolds number and small wall shape
variation relative to the core thickness, where a wavy fluid interface shape is found
that is dependent on the amplitude and a phase shift relative to the wall. Ransokoff
et al. [62] investigated the foam formation within a channel with various shapes of
cross section which varies slowly in the axial direction, where it showed there exists
a critical capillary number, below which, the breakup time is inversely proportional
to the capillary number. Gauglitz and Radke [27] analyzed a similar problem with
a liquid film coating a corrugation wall while surrounded by the gas phase, where
a thin film equation with full curvature retained is derived, for which the numerical
simulation is carried out to capture the nonlinear evolution. Recent computational
studies on this subject can be found in [42, 53, 55], but without detailed theoretical
linear analysis.
To our knowledge, Wei and Rumschitzki [75] first carried out the systematic linear
analysis for the core-annular flows with an asymptotically small corrugated tube wall,
which shows the effect of the coupling between the wavenumber of the initial surface
perturbation and the wall harmonics, which, in certain cases, can excite unstable long
wave length disturbance. Meanwhile, short wave modes that would have been stable in
the case for a straight tube with no corrugation can be unstable, while stable window
for short waves can still be obtained when the wall has sufficiently large wavenumber.
In addition, [76] performed a numerical study on the weakly nonlinear model which
is a KS like equation. It is shown when the interfacial tension is comparable to the
shear, the regular traveling wave solution is favored over the chaotic solution due to
the wall effect. When the interfacial tension is dominating, the growth of unstable
modes will go beyond the weakly nonlinear regime, which requires other model to
capture the dynamics. This is our aim in current study.
In this paper, we employ a long wave theory to derive a set of evolution equations,
4which take into account the interaction between the core and annular fluids, as well as
the annular layer and corrugated tube walls. By assuming a much less viscous annular
fluid than the core, the viscous effect from the annular layer enters the leading order
equations, which is a modification to the classical single jet model [24, 58]. The
stability of the threads and layers is then considered in both the linear and nonlinear
regimes. The rest of the paper is organized as follows: the governing equation as
well as the asymptotic reduction is shown in §2, where a thin film equation is derived
to show consistency with the model in literature. Linear theory based on numerical
work and the nonlinear evolution of the model equations are shown in §3. Finally, the
concluding remarks are given in §4.
2. Mathematical equations.
2.1. Governing equations. We consider the axisymmetric evolution of a vis-
cous core liquid thread surrounded by another immiscible fluid inside a cylindrical
tube of (dimensional) radius b(z) that varies in the axial direction with corrugation.
See figure 1. The interface is given by r = S(z, t) with constant surface tension γ and
the core region is occupied by fluid 1 with density ρ1 and viscosity µ1, and the annular
region is filled by fluid 2 with ρ2, µ2. The flow fields are assumed to be axisymmetric
with velocity components (u, 0, w) in terms of cylindrical coordinates (r, θ, z).
The dimensionless equations can be made if lengths are rescaled by the undis-
turbed core thread radius a, velocities by γ/µ1, time by aµ1/γ, pressure by γ/a.
The subscripts i = 1, 2 are hereinafter used to denote core and annular fluids respec-
tively. The difference from the problem studied in [74] is that the tube wall here has
cross section variations, d = d(z) = b(z)/a and for simplicity, the sinusoidal shape is
considered in present work. Thus we have the governing equations
χiRe (uit + uiuir + wiuiz) = −pir + λi
(
∇2ui −
ui
r2
)
,(2.1)
χiRe (wit + uiwir + wiwiz) = −piz + λi∇
2wi,(2.2)
1
r
(rui)r + wiz = 0,(2.3)
where subscripts denoting derivatives, χ1 = 1, χ2 = χ = ρ2/ρ1, Re = ρ1γa/µ
2
1 and
λ1 = 1, λ2 = λ = µ2/µ1 , with boundary conditions at tube wall r = d = b/a and at
interface r = S respectively
u2(d, z, t) = w2(d, z, t) = 0,(2.4)
u1(S, z, t) = u2(S, z, t), w1(S, z, t) = w2(S, z, t).(2.5)
Notice that our definition of viscosity ratio is the same as in [36], [51], [60], [74], where
the small λ corresponds to a case with a very viscous core and a relatively less viscous
annulus, while in some other studies, such as [69], the viscosity ratio may mean the
opposite case. To ease the discussion, we stick with our definition.
The stress balances at the fluid interface are given as
[
λi
1 + S2z
(
2Sz(uir − wiz) + (1 − S
2
z )(uiz + wir)
)]2
1
= 0,(2.6)
[
−pi +
2λi
1 + S2z
(
S2zwiz − Sz(uiz + wir) + uir
)]2
1
=
1
S
√
1 + S2z
(
1−
SSzz
1 + S2z
)
,(2.7)
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Fig. 1. The mathematical domain under consideration. The dashed line is the averaged tube
radius. Two viscous immiscible fluids, with densities ρ1, ρ2 and viscosities µ1, µ2 respectively, are
separated by the interface r = S and bounded by the tube wall r = d(z). For sinusoidal wall shape,
the dimensionless tube radius is d = d0+σ cos(kwz) as we will discuss below, where d0 is the position
as illustrated as the dashed line, σ is the amplitude of the waviness and kw is the wall wavenumber.
where [()]21 denotes the jump across the interface, that is, ()2 − ()1. Finally, there is
a kinematic boundary condition for the interface position S that is given by
(2.8) ui(S, z, t) = St + wi(S, z, t)Sz.
2.2. Long wave model. The aim here is to capture the physics with a set of
simplified equations and we perform an asymptotic reduction of the above equations
by assuming the axial length scale is much larger than the radial one with slenderness
parameter ǫ = a/L ≪ 1. Then we have the transformation ∂z → ǫ∂z′ where z
′ is the
axial variable in long wave regime. In the rest of the article, the prime is dropped to
simplify the notation. We shall also assume a weak topography with ǫdz ≪ 1 so that
the dimensional slope of the wall is small. Following [58] and [74], we introduce the
following expansion
ui ∼ u
0
i + ǫ
2u1i + · · · , wi ∼ w
0
i /ǫ+ ǫw
1
i + · · · , p ∼ p
0
i + ǫ
2p1i + · · · .(2.9)
In the fluid region, in order to take both core and annular fluids into account, we
take the annular fluid to be less viscous, λ = ǫ2λ0 (see also the derivation in [74]).
This is different from the usual long wave model in [24], [58] because here we also want
to include the effect of tube wall by capturing the interaction between the tube wall
and annular fluids. When there is no outer wall confinement, a similar limit λ ≪ 1,
where the core fluid thread is much more viscous than the surrounding medium, has
been considered in the asymptotic modeling in [51, 7]. We further ignore the inertial
effect in the annular region, which amounts to assuming χRe < O(ǫ
2). This allows us
to make analytic progress with the model. From now on, we drop the superscript 0
but retain 1 to emphasize the high order term. The axial momentum equation then
gives
(2.10) p2r = 0, p2z =
λ0
r
(rw2r)r ,
6whose solutions are readily to be obtained, by using continuity equation
w2 =
1
λ0
(
r2
4
p2z +A ln(r) +B
)
,(2.11)
u2 = −
1
λ0
(
r3
16
p2zz −
r
4
Az +
r ln(r)
2
Az +
r
2
Bz
)
+
C
r
,(2.12)
where A, B, C are functions of z and t.
In the core, w1 = w1(z, t) in the leading order, which is independent of radial
coordinate. Using continuity equation, u1 = −rw1z/2 as in the classical single fluid
jet problem [24, 58]. Before considering stress balances at interface, we eliminate B
and C by using no-slip and no-penetration boundary conditions at wall d = d(z) to
obtain
w2 =
1
λ0
(
r2 − d2
4
p2z +A ln(r/d)
)
,(2.13)
u2 = −
1
λ0
(
(r2 − d2)2
16r
p2zz −
r2 − d2 − 2r2 ln(r/d)
4r
Az
)
+
1
λ0
(
d2p2z + 2A
4rd
(r2 − d2)dz
)
,(2.14)
where dz = 0 corresponds to the case in [74]. Combining with the continuous velocity
condition along r = S, w1 = w2 and u1 = u2, after some algebra we arrive at the
following relation between A and p2,
A = −
S2 + d2
4
p2z +
f(t)
S2 − d2
,(2.15)
where f(t) is the quasi one dimensional force in the liquid thread (see also [64, 65, 57,
58]). Therefore
w2 =
r2 − d2 − (S2 + d2) ln(r/d)
4λ0
p2z +
f(t)
S2 − d2
ln(r/d).(2.16)
On the interface, the tangential and normal stress balances in leading order, read
as
u1z + w
1
1r + 2Sz(u1r − w1z)− λ0w2r = 0,(2.17)
p1 − p2 + w1z =
1
S
− ǫ2Szz(2.18)
where in normal stress balance, ǫ2Szz is retained as in [24], to obtain the short wave
cutoff in the linear stability region. The higher order w11r is obtained from the axial
momentum equation,
(2.19) w11r =
r
2
(
R¯e(w1t + w1w1z)− w1zz + p1z
)
,
where R¯e = Re/ǫ
2 (so to ensure inertia does not enter the leading order in the annular
region, χ ∼ o(1) is needed; so we have assumed that the highly viscous fluid is also
more dense than the less viscous one in our long wave theory). Substituting (2.16)
into (2.17) and using (2.18) leads to
A =
R¯eS
2
2
(w1t + w1w1z)−
3
2
(
S2w1z
)
z
+
S2
2
κz,(2.20)
7where κ = 1/S − ǫ2Szz. With inviscid gas or vacuum instead of the viscous annular
fluids, A = 0 as in the single jet model [24]. Using the above results and kinematic
condition (2.8) on interface, we reach the following equations for interface position S
and axial velocity w1, namely,
St +
1
2
Swz + wSz = 0,(2.21)
R¯e (wt + wwz) = 3
(S2wz)z
S2
− κz − 2
G(S, d)
S2
(
λ0w −
f(t)
S2 + d2
)
,(2.22)
where the subscript 1 in w is dropped and
(2.23) G(S, d) =
S2 + d2
S2 − d2 − (S2 + d2) ln(S/d)
.
In general, f(t) is unknown and determined by some global constraint.
When λ0 = 0 and f(t) = 0, the model recovers the one in [24] for a single fluid
jet. In current study, we assume spatial periodic solution on [−L,L], which gives
(2.24) f(t) =
R¯e
∫ L
−L S
2 (wt + wwz) dz + 2λ0
∫ L
−LGwdz − ǫ
2
∫ L
−L S
2Szzzdz
2
∫ L
−L
G
S2+d2 dz
.
To ease the discussion, for the rest of the paper, we further impose an even thread
interface profile with respect to z = 0 (also for d(z)), then w is an odd function on
[−L,L] from (2.21). This is consistent with the stability analysis in literature in the
sense that the analysis starts with a sinusoidal perturbation on the thread interface.
Subsequently f(t) ≡ 0, which is used in the rest of study here and we leave f(t) 6= 0
case to future exploration. In addition, we notice that with f(t) = 0 in (2.22), the
model equations (2.21) and (2.22) are formally the same as the equations in [74],
even though the wall shape effect has been included in the present study. Meanwhile,
neglecting the wall variation, the two phase slender jet model in [51] is recovered
formally by taking R¯e = 0 and rescaling λ0 = ln dλ¯ (namely, λ = ǫ
2 ln dλ¯) with λ¯
order one quantity as d→∞.
2.3. Thin annulus limit. Before examining the fully nonlinear model, we bring
up one interesting limit that many authors have investigated, the thin annular film
limit [33, 59, 75, 76]. Following [75], we write
(2.25) d = 1 + δ(1 + σ′φ), S = 1 + δ − δh,
where δ ≪ 1, φ(z) is the wall shape function, h(z, t) stands for the annular film
thickness and σ′ = 0 corresponds to a uncorrugated wall or a straight tube case
[33, 59]. At the fluid interface, substituting (2.25) into (2.23), one arrives at
G ∼
3(h− 3σ′φ)
δ3h4
+O(δ−2, δ−2σ′).(2.26)
Rescaling time as τ = δ3t, the leading order equation for h is obtained as a modified
Hammand equation
(2.27) hτ = −
1
12λ0
(
h3
hz + ǫ
2hzzz
1− 3σ′φ/h
)
z
,
8where Hammond equation (see [33]) can be recovered by taking σ′ = 0, ǫ = 1 and
adsorb the factors 12λ0 into time. A further simplified linearized equation can be
obtained by taking h = 1 + αξ in (2.27). After some algebra, the first few terms in
equation are obtained as
(2.28) ξτ = −
1
12λ0
[
ξzz + ǫ
2ξzzzz +
(
(3σ′φ+ 3αξ)
(
ξz + ǫ
2ξzzz
))
z
]
.
Upon rescaling in time variable, this equation is the same as the linear equation in [75]
in the strong surface tension limit if α ≪ 1 (see their (5.3)) and recovers the weakly
nonlinear one in [76] for α ∼ O(1) (see their (4.2)). In the derivation in [75, 76], the
viscosity ratio is λ ∼ O(1) while in our long wave model, λ ∼ O(ǫ2). Thus it seems
that the different viscosity contrast (at least for λ ≤ O(1)) only affects the time scale
factor in the thin film equation.
We will not repeat the results in [75] in detail, but merely use their results to
validate our method in computing the spectrum later in the linear stability analysis.
We only focus on the long wave model (2.21), (2.22) in the rest of the discussion.
3. Results of the long wave model. In this section, we first investigate the
effect of wall on the linear stability of the long wave model, (2.21) and (2.22) by using
the so called Floquet-Fourier-Hill (FFH) method (see [20] for details). After reporting
the results for linear theory, the nonlinear stability of the long wave model is studied
through a direct numerical simulation.
3.1. Linear stability analysis. It is easy to see S¯ = 1 and w¯ = 0 still serve
as the base state in our problem without any base flow or external force field. For
simplicity and based on the observation in [74] that the inertia contributes little to
the dynamics, only the inertialess case is studied for the linear stability and we probe
the effect of inertia later by direct numerical simulations. We set S = 1 + S′ and
w = 0 + w′, where |S′| ≪ 1, |w′| ≪ 1. For brevity, the prime is suppressed in the
following analysis. The linearized system is reduced as following in the Stokes limit
(R¯e = 0),
wz =
[
3wzz + Sz + ǫ
2Szzz
2λ0G(1, d(z))
]
z
=
[
−6Szt + Sz + ǫ
2Szzz
2λ0G(1, d(z))
]
z
= −2St(3.1)
Meanwhile, we consider the wall’s variation as a sinusoidal profile, d = d0 +
σ cos(kwz) where kw is the wavenumber of the tube wall. Recall we have assumed a
weak topography, ǫdz ≪ 1, which leads to the condition ǫσkw ≪ 1, i.e. kw ≪ (ǫσ)
−1
.
So the dimensionless wall wavenumber need not to be small provided σ is not large
(see [67] for similar argument in a related problem). For a straight tube, σ = 0, then
G(1, d) is a constant and the growth rate is obtained by taking Fourier transform on
(3.1) directly as in [74]. The dispersion relation is then given by
(3.2) ω =
k2(1 − ǫ2k2)
4λ0G(1, d) + 6k2
.
When the wall has cross section variation, σ 6= 0, the coefficient in (3.1) is a periodic
function, which requires Floquet-Bloch theory to analyze the stability problem (see
related studies in [56, 75, 3, 5]).
We employ the FFH method [20] for the eigenvalue problem here, which is a
more straightforward numerical method than the ones in [75]. We have first used this
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Fig. 2. For panels (a) to (d), the growth rate are plotted as a function of Bloch wavenumber k
with d0 = 5, σ = 0.2, ǫ = 0.1, λ0 = 1 fixed. Solid lines are results for kw = 3, 13, 23, 33 while dashed
lines for kw = 6, 16, 26, 36. The case with straight tube, i.e. σ = 0 from (3.2) is plotted together for
comparison in dotted lines. For sufficiently large kw, the growth rate recovers the straight tube case
in the long wave regime k < 10 in current case, or in general ǫk < 1.
method to reproduce the results in [75] and the convergence can be achieved quickly
by using around 10 ∼ 20 Fourier modes while [75] reported that a relatively large
linear system is needed to solve the eigenvalue problem accurately. The details of
FFH for our problem can be found in the Appendix.
To calculate the spectrum numerically, we choose a cut-off N on the number
of Fourier modes of the eigenfunctions ψ (see the Appendix), resulting in a linear
system of dimension 2N + 1. As mentioned earlier, we reproduced the results in
[75] with around N = 5 ∼ 10 (convergence within one period is achieved thus) and
similar in the current linear problem. One advantage of FFH method is that one can
handle any periodic function (in coefficient) in a general way by taking the Fourier
transform (numerically), rather than simple cosine or sine function that can be easily
incorporated in analysis. In current paper, we only focus on the simple sinusoidal
profile though, which already gives a fairly complicated coefficient function g in (A.1).
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We show typical results in figure 2, where the wall shape wavenumber varies as
indicated in figure. For comparison, the dotted lines in figure represent the growth
curve in the case of uncorrugated tube, σ = 0. Unlike the presentation in [75], where
the primary and secondary branches are identified, only the dominant growth rate
or the largest eigenvalue is shown in figure. Those results are in qualitatively good
agreement with [75]. When the wall shape has relatively long wave length variation i.e.
small kw, panel (a) shows that both the long and short waves are excited due to the
presence of wall corrugation which leads to larger growth rate than the uncorrugated
case for small and large k. For example, when k = 1, kw = 6, the dominant growth
rate will be associated with the first wall harmonic |k − kw| = 5, which grows faster
than k = 1 in the uncorrugated or straight tube case. For intermediate range of k,
the growth rate almost coincides with the uncorrugated case. As kw becomes larger,
the overlap portion becomes larger, also for long waves, which is different from panel
(a), the relatively small kw case. Furthermore, part of the unstable modes overlap the
uncorrugated tube case completely as seen in the panel (c) and (d). When the wall
shape has sufficiently short wave modes, a stable band is observed for 1 < ǫk < ǫkw−1
(see panel (c) and (d)), which appears periodically as well. One cutoff mode ǫkc = 1
is from the uncorrugated tube branch while the other is from the first wall harmonic
|ǫkc − ǫkw|. The result is similar to the findings in [75], which is as expected, since,
although the lubrication model is only valid for asymptotically thin annular film, it in
principle could reflect the basic features about the interaction between the capillarity
and the wall harmonics.
The excitation mechanism persists even for sufficiently small σ in our long wave
model. Considering the small σ limit, namely, σ → 0 and setting g = (4λ0G)
−1 with
λ0 = 1, an expansion of g in σ gives
g ∼
1− d20 − (1 + d
2
0 ln(1/d0))
4(1 + d20)
+
(
d40 + 1− 2d
2
0
4d0(1 + d20)
2
)
cos(kwz)σ +O(σ
2),
∼ g0 + g1σ +O(σ
2)(3.3)
Then the equation (A.1) becomes
ω
(
S˜ − 6g0S˜zz
)
+ g0
(
S˜zz + ǫ
2S˜zzzz
)
− 6g1zωS˜zσ + · · · = 0(3.4)
The first two terms of the above equation form the linearized equation for a straight
tube (σ = 0) for the dispersion ω. Rewriting the above equation leads to
ω ∼
−g0
(
S˜zz + ǫ
2S˜zzzz
)
(
S˜ − 6g0S˜zz
)

1 + 6g1zS˜z(
S˜ − 6g0S˜zz
)σ

 +O(σ2) + · · ·(3.5)
Then it is clear that even very small corrugation amplitude would bring in a
small correction term to the growth rate for straight tube case. It is just that the
time requires to see different behavior (due to corrugation) from the straight tube
case is proportional to σ−1 roughly (if the coefficient of σ happens to be zero, then
the correction comes from higher order terms in σ), namely, longer time is needed for
small σ to show the effect of corrugation.
The effect of wall wavenumber kw on the maximum growth rate ωm is illustrated in
the left panel of figure 3 which shows that ωm reaches a local minimum around kw ≈ 5
for d0 = 2 that is close to the most unstable mode km(σ = 0, d0 = 2) = k
0
m ≈ 4.5
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Here d0 = 1.1, ǫ = 1, σ = 0.02(σ′ = 0.2), λ0 = 1.
in the straight tube case. This minimum value is also close to the uncorrugated case
ωm(σ = 0) when σ is small. Meanwhile, the growth rate also tends to have a local
maximum when kw ≈ 0 or 9(≈ 2k
0
m). For a larger σ, this local minimum (maximum)
has a smaller (larger) value. The parameter d0 = 2 is chosen in figure 3 but other
choices of d0 showed qualitatively similar results. For relatively large kw, ωm varies
little and ωm is seen to reach a smaller value for a larger σ. As will be shown in the
nonlinear simulations later, the relatively large kw leads to a tube with an effective
radius d0−σ. Therefore a larger σ (with large kw) means an effectively narrower tube
12
which enhances the confinement and gives smaller growth rate.
Meanwhile, we investigate the variation of the associated wavenumber km at which
ωm is obtained in the right panel of figure 3. For most cases, there are two locations
where ωm is reached within one kw period. We only highlight the one within the
long wave range or the smaller one. The other one can be calculated easily by using
kw − km, since |kw − km − kw| = km is the first wall harmonic of the perturbation.
For relatively small kw, km is found to be shifting between a small value close to zero
and kw/2 approximately. Corresponding to the local minimum from the left panel
of figure 3, km = 0.5 is found in the right panel (for σ = 0.1, 0.2). Then the other
mode |km − kw| = 4.5 is found to approach k
0
m. For relatively large σ (σ = 0.4, 0.6
in figure 3), km ≈ 0 so the other one is close to 5 which indicates an obvious shift in
the dominant modes. As kw > 5 increases, km also increases until kw is sufficiently
large, where km oscillates around 5, which corresponds to the case when the unstable
branch from the uncorrugated case has been recovered (see the similar case in the
figure 2 for d0 = 5). But there still exists small deviation in ωm and km from the
exact value in the uncorrugated straight tube case. Similar deviation phenomenon in
ωm and km was also pointed out in [75].
In figure 4, we compare the growth rates calculated directly from the long wave
model (2.21), (2.22) with the results based on the lubrication model (2.28). In order
to make the comparison, ǫ = 1 is taken and a thin annular layer is considered with
d0 = 1.1. Based on (2.25), δ = 0.1 and σ = 0.02 (σ
′ = 0.2) are used in the full long
wave model. Suppose ω˜ is the growth rate obtained from (2.28), the true growth rate
in the long wave model is calculated as δ3ω˜ which is plotted in figure 4. Two typical
wall wavenumbers are chosen in figure 4, where the agreement is good, although the
lubrication model seems to overestimate the growth rate slightly for this value of d0(δ)
in the left panel, but in general has predicted the modes associated with the maximum
growth rate. In the next section, we carry out direct numerical simulations to further
validate the results we obtained for the linear stability.
3.2. Nonlinear evolution. In the results reported here, we consider the wall
shape as d = d0 + σ cos(kwz), with initial and (no axial flux) boundary conditions
given by
S(z, 0) = 1 +A0 cos(kz), w(z, 0) = 0,(3.6)
Sz(−L, t) = Szzz(−L, t) = Sz(L, t) = Szzz(L, t) = 0
w(−L, t) = w(L, t) = 0.(3.7)
To ensure both the wall and interface are periodic in the computational domain,
the period length is taken as L = π/β where β is the common divisor such that
(k, kw) = (nk, nw)β with both nk,w integers (see also [76]). In addition, ǫ = 0.1,
λ0 = 1 and A0 = 0.05 are fixed in simulation unless otherwise stated. Since A0 = 0.05
is small, the early stage evolution is expected to follow the linear theory which will
be confirmed numerically later. The nonlinear equations are solved by the solver
EPDCOL [40] which has been successfully used for related problems ([16] e.g.), and
our previous studies ([73, 74]). This solver uses the finite element discretization in
space and advances in time through the Gear’s method. In the results reported here,
about 1600 ∼ 3200 space points are used within the computational domain. The
simulation is stopped when the neck of the core thread Smin < 0.003 or the vertical
gap between the wall and interface is smaller than 0.0008, which indicates a touching
solution or annular film rupture rather than pinching of the core liquid thread in our
problem.
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Fig. 5. Comparison between direct numerical simulation (in solid lines) and linear theory (in
dashed lines) for various parameters as indicated in figure (ǫkw, ǫk would be the true wavenumber
in the full axisymmetric problem). The quantity A is defined as half of the difference between the
maximum and minimum interface position. Meanwhile the Bloch wave number that is picked in
simulations is highlighted in star symbol on the growth rate curves in the corresponding insets. Here
ǫ = 0.1, λ0 = 1, R¯e = 0, d0 = 5, σ = 0.2, A0 = 0.05 are used in simulations unless otherwise stated.
Our numerical results by choosing an initially slightly perturbed thread interface
show fair agreement with the linear theory for which we solved by using the FFH
method. A few typical results are shown in figure 5. In the panel (a), the evolution
is shown for k = 7.5, kw = 3, d0 = 5, in which case the growth rate is larger than the
straight tube case based on the inset, where the star symbol indicates the parameter
values used in simulation. In fact, due to corrugation, the disturbance is modulated
by exp(i(k±nkw)) (n = 1, 2, · · · ) and the eventual dominant growth rate is associated
with the mode (first wall harmonic) |k−kw| = 4.5 (or 4.5±nkw due to the periodicity).
It is shown that the interface evolves first as if there were no wall roughness and the
growth rate follows the value in the straight tube case, for k = 7.5, σ = 0, d0 = 5 at
early stage. After t ≈ 25, the interface recognizes the wall topography effect and then
follows the new dominant growth mode that is predicted by our FFH method. The
agreement is shown by viewing the solid line from the direct simulation and the dashed
line from linear theory agree with each other well, even though in this particular
case, the time period showing the agreement is relatively short and the amplitude
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Fig. 6. The wall wavenumber is chosen the same as in panel (a) in figure 5, namely, kw =
3, k = 7.5. The other parameters are ǫ = 0.1, λ0 = 1, R¯e = 0, d0 = 5, σ = 0.2. In the upper panels
(a) and (b), the dashed line only illustrates the wall shape but does not reflect the true position
in simulation. It is seen that some longer waves dominate eventually over the initial short wave
perturbation. In doing the simulation for this particular case, L = 2π is chosen to ensure the
periodicity of wall and interface but only [−π,π] is shown in figure. The circled point in bottom
panel (c) indicates the time at approximately t = 25, after which the evolution is dominated by
another longer wave length perturbation, |k − kw| = 4.5. Dashed line in bottom panel is for the
results with inertia included, R¯e = 1 which only shows minor difference toward the end of evolution.
of the perturbation grows to finite for which the linear theory is not strictly valid.
Our results do not indicate that the linear theory is able to predict finite amplitude
growth. The agreement merely coincides with the fact that the linear theory usually
works well even beyond its valid domain. More details of the interface evolution will
be revealed in figure 6. The important message that our numerical results delivered
is the existence of the transition (see also the simulations in [75]). It is as expected
and can be explained using our (3.5), which indicates that the growth rate ω(σ = 0)
from the uncorrugated case dominates in short times and there exists a critical time
when the correction term due to corrugation eventually becomes the same order as
ω(σ = 0). The transition exists for most of cases as long as the growth rate differs from
ω(σ = 0). But it will not appear if the thread experiences breakup before reaching
the critical time.
In panel (b) and (c), we fix kw = 13, d0 = 5 but choose two different wavenumbers
for the initial condition: one corresponds to a mode that is roughly equal to the
uncorrugated tube case, k = 4 while the other one corresponds to a mode that would
have been stable if the wall is uncorrugated, k = 11. Then it is not surprising that the
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Fig. 7. The wall wavenumber is chosen the same as in panel (c) in figure 5, namely, kw =
13, k = 11. The other parameters are ǫ = 0.1, λ0 = 1, R¯e = 0, d0 = 5, σ = 0.2. In the upper
panels (a) and (b), the dashed line only illustrates the wall shape but does not reflect the true
position in simulation. It is seen that the relative short wave perturbation saturates at early stage
but the perturbation eventually grows. The circled point in bottom panel (c) indicates Smin reaches
a maximum at approximately t = 43.4, after which the evolution is dominated by another long wave
length perturbation. Dashed line in bottom panel is for the results with inertia included, R¯e = 1
which only shows minor difference toward the end of evolution.
interface follows a single growth rate from the linear theory in panel (b). In panel (c),
we again observe some transient growth first. At early stage, the relatively shortwave
perturbation saturates (the growth rate is negative for k = 11 in the straight tube
case) and after t ≈ 43.4, the evolution follows the growth rate from the linear theory
for σ 6= 0. Panel (d) illustrated a similar case as panel (c) but with a smaller d0, i.e.
the wall is initially closer to the thread interface, which shows qualitatively the same
behavior as panel (c). Such transient growth from saturated shortwave perturbations
to unstable long wave ones is also observed in [75], in which the annular layer is
asymptotically thin and the core dynamics is neglected.
We also carry out a close inspection in the case in panel (a) and (c) of figure 5
by showing the interface profiles in figure 6 and 7 respectively. Corresponding to the
case in panel (a) of figure 5, the interface evolves first as the case with no corrugation
before t ≈ 25 which is shown in the panel (a) of figure 6, while the panel (b) shows the
evolution after the transition, which, despite the fact that some short waves surf on
the large wave crest, follows longer wave length perturbation compared to the initial
relatively short wave length perturbation. In particular, the eventual dominant mode
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is |k − kw| = 4.5 instead of 7.5 as discussed above. The wall shape is illustrated in
the upper panels only in order to view the relative phase between the interface shape
and the wall. For the case in panel (c) of figure 5, the transition from stabilizing to
destabilizing is obvious. As indicated in figure, we plotted the thread profiles before
and after the turning point t ≈ 43.4. In the panel (a) of figure 7, the perturbation is
indeed saturated as the amplitude of the perturbation decreases, while in the panel
(b), the perturbation is amplified obviously and the core tends to pinch off eventually.
This result is in good qualitative agreement with those in [75]. The corresponding
evolution of Smin in bottom panel (c) further confirmed this transient evolution, where
the circle indicates Smin reached a maximum as time advances.
The dashed lines in the panels (c) of figure 6 and 7 are the results when inertia
terms are included in calculations. Similar to the findings in [74], the inertia only
affects the transient evolution slightly while having little effect both in the early stage
and near pinching. It is also consistent with the scaling analysis in [51] where inertia
is shown to give way to viscous fluid-fluid interaction when the region is slender.
Therefore, we focus mainly on the Stokes flow problem, i.e. R¯e = 0, for the discussion
here.
3.3. Drop formation and film drainage. In this subsection, we investigate
the drop formation toward the breakup of the liquid threads or layers. In figure 8,
drop and satellite formations for various wall shapes are shown when the tube wall
is initially far away from the thread interface, d0 = 5, so that the tube wall is out of
sight in all the panels (the same tube wall shapes will be shown in figure 9). In the
top panels of figure 8, the tube wall is kept uncorrugated, σ = 0, while kw = 3, 13, 23
with σ = 0.2 for the following three ones from the top to the bottom. It is seen
that the drop formation can be quite different when the wall has wavy structure.
In the panels in the second row, (k, kw) = (7, 3) corresponds to a point that leads
to a larger linear growth rate than the straight tube case (see panel (a) in figure
2), which causes the thread to pinch with fewer large or mother drops than the top
panel. The satellite formations are illustrated in the right column of figure 8. In
addition, further short-wave perturbation causes the surface of large drop to have
dimples. When kw = 13, the panel (b) of figure 2 shows the linear growth rate
dominated by the resonant one |k − kw| = 6 which is close to k = 7, while kw = 23,
one unstable branch completely covers the growth rate curve in the case of no wall
corrugation. Therefore, it is expected that the eventual drop shapes in the third and
bottom row are similar to the top panel. However, a close inspection reveals that,
although the drop shape is similar, the detail of pinch-off differs. For σ = 0, the
satellites are obtained simultaneously since the actual period is 2π/7 ≈ 0.9 in the top
row of figure 8. For σ = 0.2 and kw = 13 in the third row, the middle satellite is
obtained via the first breakup while the rest possible satellites can only appear from
the subsequent breaks up (since the necking region has already formed, it is likely
they will be the satellite drops; see the related work in [70] which presented a ’self-
repeating’ mechanism on a series of breakups to obtain satellites). In the bottom row,
the left (right) most satellite together with the middle satellite breakups earlier than
the ones next to them. The calculation after the first pinch off may be interesting,
but this is beyond the scope of this paper. The difference in droplet sizes (together
with the cases having different values of d0) will be summarized later in figure 12.
Since the tube wall would appear far away from the local pinching region (assum-
ing the tube cross section variation is not too large), the pinching behavior would be
expected to resemble the case with no wall corrugation (see the study on the pinching
17
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Fig. 8. Drop formation on the breakup when d0 = 5 for different wall wavenumbers. Left
column: The first panel shows the case with a straight tube σ = 0. For the next three panels,
kw = 3, 13, 23 respectively. The tube walls are out of sight in this figure but the shapes are similar
to figure 9. Other parameters are ǫ = 0.1, σ = 0.2, λ0 = 1, R¯e = 0. The panels in the right column
show the corresponding satellite formations. The Bloch wavenumber in the initial condition is also
fixed for all panels as k = 7. The simulations are terminated at t ≈ 33.2, 32.4, 33.1, 33.2 for the four
cases respectively, from top to bottom.
dynamics in [74]). Therefore this is not pursued further in current work.
When the annular layer is relatively thin, namely, the averaged tube radius d0 is
small, we show drop formation for d0 = 1.5, 1.3 in figure 9, where the wall shapes are
chosen to be the same as in figure 8 but they are visible in figure now. In the top
two panels, the tube is straight, σ = 0 and we obtain the so called plug-with-collar
drop formation (see [32] and [74]) where the fluids are trapped between the tube wall
and the large drops along with pinch off. When the tube wall has variation in shape,
the thread needs to cope with the wall constraint and larger drops can be expected
at first breakup even starting with the same initial perturbation wavenumber. The
drop shapes resemble the results in [55] in the full axisymmetric simulations when
the wall variation is present. The panels in the second row of figure 9 show larger
drops in the middle of the thread compared to the top panels where the tube wall is
straight, because a longer wave length perturbation is excited by the wall harmonics,
|k−kw| = 4 < k = 7 (see also the argument in [75]). In the third row, pinching occurs
near z = 0, leaving a long thread both at z > 0 and z < 0. Additionally, the left
one in the third row would perhaps experience a second breakup due to the thin neck
around z ≈ ±1, which leads to multiple drop formations. Meanwhile, in some portion
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Fig. 9. Drop formation on the breakup when d0 = 1.5, 1.3 in the left and right column respec-
tively, for different wall wavenumbers. For all panels, the tube position is included (as the top and
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three panels, kw = 3, 13, 23 respectively. The initial Bloch wavenumber in the initial condition is
fixed for all panels as k = 7. Other parameters are ǫ = 0.1, σ = 0.2, λ0 = 1, R¯e = 0.
of the tube, the annular layer tends to breakup as well, since as pinching occurs, the
film drainage regime is also approached slowly. Due to the wall topography, it is seen
that more fluids compared to the case σ = 0 can be trapped between the wall and
drops. In the last row of figure 9, drop formation is seen to differ significantly. In the
left panel, a ultimate multiple drop formation is expected, while in the right panel, a
large size drop is obtained in the middle which is connected by drops in comparable
sizes. As shown later, this case in the right bottom panel stands near a transition
from pinching solutions to film rupture solutions.
The associated evolutions of the corresponding minimum thread radius and the
minimum thread-tube gap are plotted in figure 10, where the left panel for the case
d0 = 1.5, shows as Smin → 0, i.e. the core thread pinches, the minimum gap still
remain significantly larger compared to Smin or at least, Smin decays faster than the
gap value. Therefore pinching solutions are obtained (at least up to kw = 43 here). As
shown in the thin annulus limit, owing to the different time scales (recall τ = δ3t with
δ ≪ 1 in (2.27) and (2.28)), pinching is expected to occur in advance of film drainage
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Fig. 10. The evolution of the minimum gap between the thread interface and the wall versus
the minimum core thread neck for d0 = 1.5 in the left panel and d0 = 1.3 in the right panel. Here
(d− S)min is defined as the difference in the radial direction because of the one dimensional model,
rather than the local normal distance to the tube wall. In the right panel, it is obvious that for
kw = 33, 43, the gap becomes small while the neck of core thread Smin remains O(1).
that happens in longer time dynamics, and perhaps even after the first pinch off, as
shown in [32] in the straight uncorrugated tube case. In addition, we observe from
the left panel of figure 10 that the change in minimum gap along pinching with kw is
not monotonic. It seems that the gap remains larger for kw = 43 than kw = 33. The
right panel of figure 10 shows similar results to the left panel, except that d0 = 1.3
and for sufficiently large kw (kw > 23), the neck of core thread Smin remains order
one while the gaps seem to reach a very small value first. In those cases, we provided
the numerical evidence that a tube wall with large wavenumber may induce the film
drainage regime, meanwhile suppress pinching even for a case where the annulus is
not asymptotically thin. In the case without wall corrugation, σ = 0, to suppress
pinching, sufficiently thin annulus is required (the numerical work by [54] gave a
threshold value d0 ≈ 1.19 for the uncorrugated tube in Stokes flow); in contrast, we
found d0 = 1.3 (namely, the average film thickness 0.3) is sufficiently small to produce
this phenomenon. In general, this should also depend on the size of wall variation
σ (as well as the initial conditions on the thread profiles). For the discussion here,
σ = 0.2 is fixed all the time and we merely provide the evidence of possible pinching
suppression for an annular layer whose thickness is not asymptotically small. Figure
11 shows the thread interface shape at the final stage of our simulations, at t = 257.1
and t = 417.3 respectively, where it seems that the effective tube radius is reduced
(∼ d0 − σ) due to the rapid variation of tube cross section, which makes the fluids
inside the wall undulation effectively rigid. Notice that in figure 11, the core fluid does
not intrude the inside of the wall undulation part, while in figure 9 (the third and
fourth row in particular), the core fluid still can wrap around the undulation ’tips’.
As the liquid layer keeps thinning, locally, one still expects the lubrication model
holds as well as the scaling laws based on it (see [33] and [50], where h ∼ t−1 for a
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Fig. 11. The thread interface shapes for annular film drainage when d0 = 1.3, kw = 33, 43. The
top panel is for time t = 257.1 while t = 417.3 at the bottom panel.
collar next to a collar, h ∼ t−1/2 for a lobe next to a collar, with h the minimum film
thickness to the substrate and t the time). Unfortunately our numerical results fail
to show the scalings even the gap is small and in the order of O(10−4). It is possible
that the thin film regime has not been fully reached yet as the fluid interface is only
touching the wall undulation tip and the fluid region adjacent to the thinning part is
different from the collar or lobe that is seen in [50].
Finally, for pinching solutions, we show the effect of the wall wavenumber kw on
the breakup times and drop sizes, with the latter characterized by an effective drop
radius Reff that is defined as
(3.8) Reff =
(
3
4
∫ z2
z1
S2dz
)1/3
,
where z1, z2 are two points associated with sufficiently thin thread neck that we con-
sider to be the pinching points. In the left panel of figure 12, the breakup time tb
first decreases and then increases as kw varies between 0 and 10. This is expected
from our linear theory (also qualitatively similar to the results in figure 3). When
k − kw corresponds to a mode with larger growth rate, the breakup time is smaller.
For example, when d0 = 1.5, the dominant mode is k = 4 for kw = 3 and k = 7
or 1 for kw = 8. Accordingly, the growth rate is 0.06 and 0.049 respectively, which
indicates the former case breakups earlier than the latter one. As kw increases, tb
increases and the increasing is more profound when d0 is smaller. For d0 = 2, 5, the
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Fig. 12. The influence of wall wavenumber kw on the breakup times and drop sizes for the
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breakup time eventually approaches the value in the straight tube case for large kw
approximately, because the initial wavenumber is already a long wave one, and one of
the unstable branches in the linear theory for σ > 0 has almost covered the straight
tube case (see figure 4). While for the relatively small d0, the annular film also tends
to reach the drainage regime which occurs in a longer time scale and tends to suppress
the pinching. As given in figure 11, the annular film touching solution is obtained
instead of pinching for kw = 33 and the interface profile that is shown is at t = 257.1.
The right panel of figure 12 illustrates the distribution of a large and satellite drops.
For clarity here, we only calculate the satellite size from the first breakup (typically
the one satellite in the middle) together with the adjacent large drops, where we es-
timated a second pinching point, as our current code can only track down to the first
breakup. But for kw = 3, d0 = 5 in figure 8, there are clearly three large drops and
two small satellites, which are all taken into account. This has also been done for
the small d0 cases. For d0 = 5 in figure 8, multiple satellite formation is expected
eventually, which is similar for d0 = 2 (data not shown). As kw increases, it is seen
that the size of both the large and satellite drops increases to a local maximum for
some kw within the range 0 < kw < 10, or 0 < ǫkw < 1, which depends on the value
of d0. The drop sizes are similar to the straight tube case when kw is relatively large
except when d0 is sufficiently small. For d0 = 1.3, the size of the satellite drop keeps
decreasing as kw increases. Based on our numerical results in figure 10, this indicates
a transition from the pinching to touching solution.
4. Concluding remarks. We have studied the effect of wall corrugation on
the linear stability and nonlinear dynamics of viscous liquid threads and annular
layers inside a cylindrical tube. A long wave model accounting for the wall shape
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effect, as well as the coupling between the annular layer and an active core thread,
has been derived, which, in appropriate limits, reduces to the equations in literature
[24, 33, 75, 76, 51]. Similar to the findings in [75], the linear stability of the system
shows that the short waves, which would be stable in the uncorrugated tube case,
can excite unstable long waves through the interaction with the wall shape variations.
When the wall wavenumber is relatively small, along with unstable short waves, the
long waves are more unstable, or have larger dominant growth rate, compared to the
uncorrugated wall case. Consequently, the breakup time is expected to decrease. A
stable band of modes appear when the wall wavenumber is sufficiently large.
The stability of the threads and layers in the nonlinear regime was then inves-
tigated via direct numerical simulations of the evolution equations. Starting with
relatively small initial perturbation, the results in general agree with our linear the-
ory with a transition period, where the growth first follows the value predicted in
the uncorrugated tube problem. Drop formation as well as drop size is shown to
alter by including the wall corrugation. Typically, larger and fewer drops can be
expected based on the simulation results, by choosing proper parameters d0 and kw.
Meanwhile, similar to the ’plug with collar’ formation (see [32, 74]), accompanied by
pinching, fluids are found to be trapped between the tube wall and the core thread,
where the film drainage regime is approached and is expected to persist perhaps even
after the first pinch off. Furthermore, we showed possibility that pinching solutions
can be suppressed depending on the choices of d0 and kw.
The model here provides a template for further studies or extensions; one can in-
clude some external field (gravity, electric field e.g.) or interfacial surfactants, as much
remains to be explored. Meanwhile, this reduced model has the advantage over the
full problem regarding the computational cost issue. Furthermore, with this model,
other more complicated wall shapes can be incorporated easily, which are related to
the engineering design for heat transfer optimization, drug or particle delivery and
emulsification (see [72] e.g.) in microfluidic devices and also in biological systems
[31, 48]. We already have a few preliminary results underworking on controlling the
droplet sizes by changing channel or tube wall shapes. Intuitively for example, liquid
thread breaks slower in a tube with smaller radius because of a smaller growth rate.
Therefore a combination or a contraction-expansion tube would lead to a series of
droplets in the expansion side, when the thread is not broken yet in the contraction
or narrow side, which is similar to those ’flow-focusing-device’ ideas to some extent,
although the roughness of the wall could potentially complicates the dynamics. Sim-
ilarly, with locally dimpled tube, different size of droplets can be obtained so that a
desired drop distribution may be achieved. Flow rate is another key parameter in the
experiments and this will be investigated in the future by inserting axial flow or some
external forcing in our model. However, our present work focuses only on the stability
of a stationary thread as the axial flow does not affect the real part of our growth
rate ω, of temporal stability. We take this as a first step of modeling to understand
the physics of the system and more are under working.
Appendix. Formulation of the linearized problem. In this section, we
briefly derive the formulation for calculating the linear growth rate by applying the
FFH method. Let S = eωtS˜ = eωt+ikzψ(z) and g = (4λ0G)
−1, where k is the Bloch
wavenumber or Floquet multiplier; then (3.1) becomes
(A.1) ω
(
S˜ − 6gzS˜z − 6gS˜zz
)
= −
(
g
(
S˜z + ǫ
2S˜zzz
))
z
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Multiplying the above equation (A.1) by e−ikz and taking the Fourier transform, we
obtain the following equation (more details can be found in [20])
ωLl(k)ψˆ = Lr(k)ψˆ(A.2)
with ψˆ = (· · · , ψˆ−2, ψˆ−1, ψˆ0, ψˆ1, ψˆ2, · · · )
T and where
(A.3) ψ(z) =
∞∑
j=−∞
ψˆje
ikwjz , with ψˆj =
1
2L
∫ L
−L
ψ(z)e−ikwjzdz, j ∈ Z.
In addition, the bi-infinite matrices are defined by
Linm(k) =
Mi∑
l=0
fˆ ij,n−m [k + kwm]
j
(A.4)
where i = l or r, Mi is the highest number of derivatives in ith side and f
i
j stands for
the coefficient function in front of jth derivatives and can be represented by a Fourier
series
(A.5) f ij(z) =
∞∑
l=−∞
fˆ ij,le
ikwlz , with fˆ ij,l =
1
2L
∫ L
−L
f ij(z)e
−ikwlzdz.
In particular, Ml = 2 and Mr = 4 for (A.1), and
f l0 = 1, f
l
1 = −6gz, f
l
2 = −6g,(A.6)
f r0 = 0, f
r
1 = −gz, f
r
2 = −g, f
r
3 = −ǫ
2gz f
r
4 = −ǫ
2g.(A.7)
The spectrum is kw periodic and only −
kw
2
≤ k ≤ kw
2
is needed to discuss since larger
range gives no more information (see [75] e.g.). To calculate the spectrum numeri-
cally, we choose a cut-off N on the number of Fourier modes of the eigenfunctions ψ,
resulting in a linear system of dimension 2N + 1 from (A.2).
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